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We study the equivalence between the self-dual and the Maxwell-Chern-Simons (MCS) models
coupled to dynamical, U(1) charged matter, both fermionic and bosonic. This is done through
an iterative procedure of gauge embedding that produces the dual mapping of the self-dual vector
field theory into a Maxwell-Chern-Simons version. In both cases, to establish this equivalence a
current-current interaction term is needed to render the matter sector unchanged. Moreover, the
minimal coupling of the original self-dual model is replaced by a non-minimal magnetic like coupling
in the MCS side. Unlike the fermionic instance however, in the bosonic example the dual mapping
proposed here leads to a Maxwell-Chern-Simons theory immersed in a field dependent medium.
PACS numbers: 11.10.Kk, 11.10.Lm, 11.15.-q, 11.10.Cd
I. INTRODUCTION
The essential features manifested by the three dimen-
sional field theories, such as parity breaking and anoma-
lous spin, are basically connected to the presence of
the topological and gauge invariant Chern-Simons term
(CST) [1]. Three dimensional models with CST have pro-
vided deep insights in unrelated areas in particle physics
and condensed matter, both from the theoretical and
phenomenological points of view [2]. In this regard we
mention the high temperature asymptotic of four dimen-
sional field theory models and the understanding of the
universal behavior of the Hall conductance in interact-
ing electron systems. In particular this result has been
of great significance in order to extend the bosonization
program from two to three dimensions with important
phenomenological consequences [3].
What is worthy of discussion, in this context, is that
in three dimensions there are two different ways to de-
scribe the dynamics of a single, freely propagating spin
one massive mode. To that purpose, as first shown by
Deser and Jackiw [4], one can use either the self-dual
(SD) theory [5],
LSD =
1
2
m2fµf
µ −
m
2
εµνρfµ∂νfρ , (1)
or the Maxwell-Chern-Simons (MCS) theory,
LMCS = −
1
4
FµνF
µν +
1
4
mεµνρAµFνρ , (2)
where Fµν = ∂µAν−∂νAµ. Using the master action con-
cept [4], it was shown that in fact these models are duality
related to each other and established the identification
fµ ↔ Fµ =
1
m
εµνρ∂νAρ (3)
that relates the basic field of the SD model with the dual
of the MCS field. This correspondence displays the way
the gauge symmetry of the MCS representation, Aµ →
Aµ+ ∂µǫ, gets hidden in the SD representation, leading
to fµ → fµ.
This well established equivalence between the SD and
the MCS theories is maintained even when the vector
fields are coupled to external sources. In fact such a
coupling,
LSD → LSD + fµJ
µ
LMCS → LMCS +AµG
µ (4)
will not change this picture as long as one extends the
identifications to the sources as well. A direct inspection
of the equations of motion for the self-dual field fµ,
−mεναβ∂αfβ +m
2fν = eJν (5)
and the MCS field Aµ,
−mεναβ∂αFβ +m
2F ν = eGν . (6)
shows that the models are classically equivalents if the
extended identification
fµ ↔ Fµ =⇒ Jµ ↔ Gµ , (7)
is made. Moreover, it has been shown recently by Gomes
et al. [6] that such equivalence can also be successfully ex-
tended to the case of couplings with dynamical fermionic
matter fields under some special circumstances.
However, in regards to the dualization process in gen-
eral, it should be observed that not all the problems have
been solved successfully. For instance, in the case of non-
abelian symmetries, such extension has been tried in the
context of the master action and it has been observed
in [7] that, apart from the case of weak coupling con-
stant, this equivalence, alas, fails. What is more impor-
tant for us at this juncture, it has been mentioned in [6]
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that the coupling with bosonic dynamical sources seems
to run into trouble since in this case the gauge currents
will have explicit dependence on the gauge field implying
that the corresponding functional determinant will have
a non-trivial dependence on the matter fields, unlike the
fermionic case.
In a recent report [8] an alternative route to establish
dual equivalences between gauge and non-gauge theories
has been proposed that is based on the local lifting of
the global symmetries present in the non-gauge action.
This is done by iteratively incorporating counter-terms
into the action depending on powers of the Euler vec-
tors [9] along with a set of ancillary fields. Clearly the
resulting embedded theory is dynamically equivalent to
the original one. This gauge embedding approach has
been applied to the case of the three dimensional non-
abelian self-dual action which was proved to be equiva-
lent to the Yang-Mills-Chern-Simons (YMCS) theory for
the full range of values of the coupling constant and not
only on the weak coupling regime.
This alternative approach to dual transformation that
is dimensionally independent and sufficiently general to
encompass both abelian and non-abelian symmetries is
here used to study the dual equivalence of the SD
and MCS theories for the case of dynamical couplings
with both fermionic and bosonic matter fields. This is
done next in section II. The fermionic case discussed by
Gomes, Malacarne and da Silva is considered first in sub-
section II.A where the results of [6] are reobtained and
the dual mapping (7) is analyzed under this new point
of view. It is clearly shown that the dual operation, as
defined here, transforms the minimal coupling of the SD
model into a non-minimal magnetic coupling for the MCS
case,
fµJ
µ → AµG
µ, (8)
where
Gµ =
1
m
εαβµ∂αJβ , (9)
and automatically provides for the presence of the
Thirring like current-current interaction. In Ref. [6] this
term is included, in an iterative trial process, in order to
render the fermionic sectors in both sides identical. In
subsection II.B, that contains our main result, we study
the case of minimal coupling of the SD theory with a
dynamical, U(1) charged bosonic theory. Section III is
reserved to discuss this equivalence and to present our
conclusions.
II. THE GAUGE EMBEDDING PROCEDURE
The existence of gauge invariance in systems with sec-
ond class constraints has experienced a spate of interest
in recent times [10]. Basically this involves disclosing, in
the language of constraints, hidden gauge symmetries in
such systems. This situation may be of usefulness since
one can consider the non-invariant model as the gauge
fixed version of a gauge theory. The former reverts to
the latter under certain gauge fixing conditions. By do-
ing so it has sometimes been possible to obtain a deeper
and more illuminating interpretation of these systems.
The associate gauge theory is therefore to be considered
as the “gauge embedded” version of the original second-
class theory. The advantage in having a gauge theory lies
in the fact that the underlying gauge symmetry allows us
to establish a chain of equivalence among different mod-
els by choosing different gauge fixing conditions.
In this section we apply an iterative procedure to con-
struct a gauge invariant theory out of the self-dual model
coupled to dynamical matter fields, either fermionic or
bosonic. To guarantee equivalence with the starting non
invariant theory we only use counter-terms vanishing in
the space of the solutions of the model.
A. The fermionic case
To present the basic principles and also to establish
our notation, let us consider first a Dirac field minimally
coupled to a vector field specified by the SD model [6],
so that the Lagrangian becomes
L
(0)
min = LSD − efµJ
µ + LD , (10)
where Jµ = ψ¯γµψ, M is the fermion mass and the su-
perscript index is an iterative counter. Here the Dirac
Lagrangian is,
LD = ψ¯(i∂/−M)ψ , (11)
Our basic goal is to transform the hidden symmetry of
the Lagrangian (10) into a local gauge symmetry
δfµ = ∂µǫ (12)
with the lift of the global parameter into its local form,
i.e.
ǫ→ ǫ(x, y, t) (13)
A variation of the Lagrangian (10) gives the Euler vec-
tor as,
Kµ = m2fµ −mǫµνλ∂νfλ − eJ
µ (14)
whose kernel gives the equations of motion of the model.
We mention at this juncture that an (weakly) equiva-
lent description of this theory may be obtained by adding
to the original Lagrangian (10) any function of the Euler
vectors
L
(0)
min → L
(0)
min + f(Kµ) (15)
such that it vanishes at the space of solutions of (10),
i.e., f(0) = 0. To find the specific form of this function
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that also induces a gauge symmetry into L
(0)
min we work
out iteratively. To this end we define a first-iterated La-
grangian as,
L
(1)
min = L
(0)
min −BµK
µ . (16)
where the Euler vector has been imposed as a constraint
with Bµ acting as a Lagrange multiplier.
The transformation properties ofBµ accompanying the
basic field transformation (12) is chosen so as to cancel
the variation of L
(0)
min, which gives
δBµ = ∂µǫ (17)
A simple algebra then shows
δL
(1)
min = −BµδK
µ
= −δ
(
m2
2
B2
)
+mBµǫ
µνλ∂νδfλ (18)
where we have used (12) and (17). Because of (12), the
second term in the r.h.s. of (18) vanishes identically lead-
ing to a second iterated Lagrangian,
L
(2)
min = L
(1)
min +
m2
2
B2 (19)
that is gauge invariant under the combined local trans-
formation of fµ and Bµ.
We have therefore succeed in transforming the global
SD theory into a locally invariant gauge theory. We may
now take advantage of the Gaussian character of the aux-
iliary field Bµ to rewrite (19) as an effective action de-
pending only on the original variable. To this end we
solve (19) for the field Bµ (call this solution B¯µ) and
replace it back into (19) to find,
Leff = L
(2)
min |Bµ=B¯µ = L
(0)
min −
1
2m2
K2
=
1
2
m2AµA
µ −
m
2
εµνρAµ∂νAρ − eAµJ
µ + LD
−
1
2m2
[
m2Aµ −mǫµνλ∂νAλ − eJ
µ
]2
(20)
where we have used the structure of the Euler vector
(14) and renamed the basic fields fµ → Aµ to reflect the
embedded gauge invariance of the Lagrangian (20). A
further manipulation gives,
Leff = LMCS + ψ¯(i∂/−M)ψ −
e2
2m2
JµJ
µ − eAµG
µ (21)
which is the result of [6]. It is noteworthy the presence
of the Thirring like interaction that appears naturally
as a consequence of the embedding algorithm and the
non-minimal magnetic interaction in the MCS side. This
comes around since the magnetic contribution to be in-
cluded in the covariant derivative reads,
ψ¯σµνψ Fµν =
1
2
ǫµαβJµFαβ ∼ A
µGµ (22)
which results from the dual mapping of the minimal in-
teraction term as shown in (7) and (9).
The Thirring like term is fundamental to maintain the
contents of the fermionic sectors unchanged [6]. This
can be seen by carefully examining the dynamics of the
fermionic sectors for both theories. The fermionic equa-
tion for the MCS sector reads,
(i /∂ −M)ψ =
[
eFµ +
e2
m2
Jµ
]
γµ ψ , (23)
To eliminate the bosonic MCS field Fµ, let us rewrite the
equation of motion for the MCS field (6) as,
R−1µν F
ν = eGµ , (24)
where Rµν is a differential operator such that its inverse
is defined as
R−1µν = −mǫµλν ∂
λ +m2 ηµν . (25)
Substituting this equation back in the matter equation
gives,
(i /∂ −M)ψ =
[
e2RµνGν +
e2
m2
Jµ
]
γµ ψ , (26)
that is now written completely in terms of the fermionic
fields.
From the self-dual model (10) we find the equations of
motion for the fermion ψ¯ as,
(i /∂ −M)ψ = e fµ γµ ψ . (27)
Using the differential operator Rµν , the self-dual equa-
tion of motion (5) now reads,
R−1µν f
ν = e Jµ , (28)
Using next that RµνR−1νλ = δ
µ
λ and (28) we can rewrite
(27) as,
(i /∂ −M)ψ = e2Rµν Jν γµ ψ
=
[
e2RµνGν +
e2
m2
Jµ
]
γµ ψ (29)
that equals (26) showing that the fermionic sector of both
theories have the same dynamics.
We may now exam the dual mapping fµ → Fµ for the
case of coupling with dynamical fermions. From the MCS
equation of motion (6) and the definition of the magnetic
charge we have,
Fµ =
e
m
Rµνǫνλρ∂
λJρ
= eRµνJν −
2
m2
Jµ (30)
where we have used (25) and the identity RµνR−1νλ = δ
µ
λ .
From the equation of motion for the self-dual field (5)
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we finally obtain that the correct map from self-dual to
MCS models when dynamical charged fermionic matter
is present is given by,
fµ → Fµ +
e
m2
Jµ , (31)
that does not correspond to the initial guess fµ → Fµ
which is valid only for the free case. This proves
that alone, the minimal self-dual model does not cor-
respond to the magnetically coupled Maxwell Chern-
Simons model. The solution is found to be an additional
Thirring like term. Equivalently, one may add a min-
imal coupling in the master action proposed by Deser
and Jackiw,
L =
m2
2
fµ fµ −m
2 fµ Fµ +
m2
2
FµAµ − e J
µ fµ , (32)
so as to compensate for the additional current term. One
may check that indeed this master action produces the
correct mapping (31).
B. The bosonic case
Let us consider next the case of bosonic matter that is
seen to be difficult to solve through the traditional ap-
proach of master Lagrangian [6]. The self-dual model
minimally coupled to U(1) charged bosonic matter is de-
scribed by the following Lagrangian density,
L
(0)
min = LSD + Lint + LKG, (33)
where
LSD =
m2
2
fµfµ −
m
2
εµνρfµ∂νfρ
Lint = −efµJ
µ + e2fµfµφ
∗φ
LKG = ∂µφ
∗∂µφ−M2φ∗φ, , (34)
are the self-dual, interaction and Klein-Gordon La-
grangians for a vector field and a massive U(1) charged,
complex scalar field, respectively. Here,
Jµ = i(φ∗∂µφ− ∂µφ∗φ), (35)
is the global Noether current associated to a U(1) phase
transformation. Notice that the gauge current, obtained
from the interaction Lagrangian as,
J µ =
1
e
δLint
δfµ
= Jµ − 2e (φ
∗φ) fµ (36)
is explicitly dependent on the vector field which, as men-
tioned in the introduction, makes matters complicated.
It is interesting at this instance to compute the field
equations for the vector, self-dual field fµ and for the
scalar field φ. We find, for the vector field
(
µ2ηµα −mǫµρα∂
ρ
)
fα = e Jµ , (37)
that can be solved as,
fα = emMαβJβ . (38)
The field operator Mαβ is defined in a way, such that its
inverse is given as,
M−1αβ = mµ
2ηαβ −m
2 ǫαβρ∂
ρ (39)
and µ is a “field dependent” mass parameter defined as,
µ2 = m2 + 2e2φ∗φ , (40)
that is unlike (25) and (28) defined for the fermionic case
which are not field dependent. For the scalar field we
find,
(
∂µ∂µ +M
2
)
φ = e2 fµf
µ φ− 2i e ∂µφ fµ
= m2 e4 φ
(
MαβJ
β
)2
− 2 im e2 ∂αφMαβJ
β (41)
Following the procedure already outlined in the
fermionic case, we compute the Euler vector,
Kµ = µ2fµ −mǫµνλ∂νfλ − eJ
µ (42)
As usual, we introduce the ancillary field Bµ as a La-
grange multiplier to impose this relation weakly on the
theory. Next we embed a local gauge symmetry, leading
to the final gauge invariant action as,
L
(2)
min = L
(0)
min −BµK
µ +
m2
2
B2 (43)
Next, we get rid of the ancillary field Bµ using its equa-
tions of motion,
Bµ =
1
µ2
Kµ (44)
yielding the effective action,
Leff = LKG −
m2
4µ2
F 2µν +
m
2
ǫαβρA
α∂βAρ
−
e2
2µ2
J2 −
em2
µ2
FαJα , (45)
where, as before, we have renamed fµ → Aµ to stress the
invariant character of the theory. Notice that this result
displays the same structure as the fermionic case with
the minimal coupling being replaced by a non-minimal
magnetic coupling and the presence of the Thirring like
current-current piece. The important difference is that
now the coefficient of the Maxwell term is field depen-
dent. This structure is known to appear in the abelian
Higgs model with an anomalous magnetic interaction
leading to an effective model with field dependent per-
meability [11]. This comes around if we use a generalized
covariant derivative given as,
4
Dµφ = ∂µφ− i e Aµφ−
i
4
γǫµαβ F
αβφ (46)
where γ is the strength of the magnetic moment. It nat-
urally leads to a term as γ2Jµǫ
µαβ∂αAβ which is propor-
tional to the last term in (45). It is interesting to observe
that in this instance the Thirring like interaction is not
enough to guarantee the invariance of the contents of the
matter sector, unlike the fermionic case, but additional
pieces coming from the field dependent mass becomes
necessary. This is in contrast with the fermionic case
and it is basically tied to the second-order character of
the bosonic action and the field dependence of the gauge
current (36).
It is mandatory to check if the matter sector of the
dual version (45) is in agreement with the corresponding
matter sector of the original self-dual model (33). To this
end we work out the field equations both for the vector
and the scalar fields derived from (45). For the first we
find, after some algebra,
1
µ2
Fα = eMαβǫβρσ∂
ρ
(
1
µ2
Jσ
)
=
e
m
MαβJβ −
e
m2 µ2
Jα (47)
where we have used the property
Mαβǫβµν∂
µ
(
1
µ2
Jν
)
=
1
m
Mαν J
ν −
1
m2 µ2
Jα. (48)
to write the second line in (47).
Finally let us examine the contents of the matter equa-
tion in order to compare with self-dual case. The field
equation for the scalar field reads,
(
∂µ∂
µ +M2
)
φ =
e2m2
2µ4
φF 2µν +
e4
µ4
φJ2µ
−
2 i e2
µ2
Jµ∂
µφ+
2 e3m2
µ4
φFµ J
µ −
2 i em2
µ2
Fµ∂
µφ
= m2 e4 φ
(
MαβJ
β
)2
− 2 im e2 ∂αφMαβJ
β (49)
where we have used the vector field solution (47) to get
rid of Fµ in the last line of the expression above and the
property (48) repeatedly. A simple inspection shows that
this field equation has the same physical contents as the
matter equation of self-dual sector, Eq.(41). This com-
plete the proof that the bosonic matter sector is unaltered
by the duality mapping.
III. CONCLUSIONS
In this paper we studied the dual equivalence between
the self-dual model [5] and the Maxwell-Chern-Simons
theory [2] coupled to dynamical matter, both fermionic
and bosonic, using the iterative gauge embedding proce-
dure [8]. In the former case we reproduced the results of
[6] where the SD theory is mapped into the MCS theory
and showed that, (i) the dual mapping exchanges the
minimal coupling between the fields for a non-minimal
magnetic interaction and (ii) introduces a current-current
Thirring-like interaction to preserve the dynamics of the
fermionic matter sector. The results of the latter case
are new and, in fact, quite surprising. We found that the
dual transformation does not map the self-dual field into
a “pure” MCS field but, instead, to a gauge field of the
MCS type immersed in a field dependent medium. The
current-current term and the magnetic interaction were
also induced by the dual mapping since their presence
is necessary to keep the matter dynamics unaltered but
their coefficients were found to be field dependent as well.
This sort of model has been intensively investigated [11]
and is known to give rise to vortex like solutions.
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